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1. Introduction 

The cosmological solutions of the low energy string effective action, and their sym- 
metry properties, haY£ recently motivated the study of a very early, "pre-big bang" 
cosmological phasetlHfl, whose kinematical properties are the "dual" counterpart of 
the present, standard cosmological phase. The purpose of this paper is to give a 
short introduction to the pre-big bang scenario, to explain why the amplification 
of perturbations is more efficient in such a context than in the standard inflation- 
ary scenario, and to discuss the general properties of a possible cosmic graviton 
background associated to the transition from the pre- to the post-big bang epoch. 

The main ideas and results reported here are the fruit of a research programme 
in string cosmology that started from earlier work done with Norma Sjaiichez and 
Gabriele Veneziano on the motion of strings in accelerated backgroundsQEl, and that 
was subsequently developed in collaboration with Gabriele Veneziano and with a 
number of other researchers: Ramy Brustein, Massimo Giovannini, Jnan Maharana, 
Krzysz Meissner and Slava Mukhanov (listed here in alphabetical order). The in- 
terested reader can find an updated list of references and papers about the pre-big 
bang scenario on the WWW "home page" devoted to string cosmology, available at 
the address: 

http : //www. to . inf n . it/teorici/gasperini/ 



2. The Pre-Big Bang Scenario 

I will call, for short, pre-big bang scenario, a cosmological scenario that is based on 
the equations obtained from the string effective actioru aud which includes an initial 
phase of accelerated evolution and growing curvatureEl'Bfl. The most revolutionary 
aspect of the class of models describing this scenario is probably the fact that the 
initial state of the Universe, instead of being hot and dense as in the standard 
cosmological context, is the string perturbative vacuum, namely a state with flat 
metric, vanishing gauge coupling {g = e"^/^ = 0, = — oo), and no matter present 
(with the possible exception of an incoherent, highly diluted gas of non-interacting 
strings!). As a consequence, in this class of models the initial evolution of the 
Universe can be consistently described in terms of the lowest order string effective 
action, 

S = - j (f'^^x^/\g\ [e""^ (i? + (V0)^ + a'corrcctions) + V{(j), nonperturbative)] 
+ loops (e^), (2.1) 

neglecting both finite-size effects {a' corrections) and higher (field theory) loops 
in the coupling constant g = e"^/"^. The initial evolution is simply driven by the 
kinetic energy of the dilaton field, with negligible contributions also from a possible 
non-perturbative potential V{(j)), which is known, at small coupling, to approach 
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zero very rapidlya as ^ ^ exp[— exp(— 0)]. Here I will neglect, for simplicity, 
also a possible anisotropic contribution of the string antisymmetric tensor to the 
cosmological equations; see Rcf. [7] for the inclusion of such a contribution. 

Irrespective of the possible initial presence of matter sourcesH-u, the (generally 
anisotropic) solution of the string cosmology equations, after inserting the pertur- 
bative vacuum as initial condition, can be asymptotically parametrized as 

a,^i-tf\ 0= l^^A-l^ln(-t), ^<0, t~.0 (2.2) 

(i = l,..,d). This solution describes a phase in which the curvature scale and the 
dilaton are both growing, since \Hi\ ~ {—t)~^ ^ |0| for t ^ 0„, where H = d/a, 
and the dot denotes derivatives with respect to cosmic time t. A typical example 
of background is illustrated in Fig. 1. 




Dilaton ts String t, Radiation 



gr-1 




Diiaton ts String t, Radiation 

Figure 1: Qualitative evolution of the curvature scale and of the string 
coupling as a function of time, for a generic pre-big bang type of background. 

Of course, when the curvature reaches the string scale, determined by the string 
mass parameter Ms = Xj^, the background enters a truly "stringy" regime, in 
which all higher derivative terms in the a' expansion become important (our present 
imperfect knowledge of the detailed evolution, in that region, is represented by 
the wavy lines of Fig. 1). At the end of the string phase the dilaton eventually 
approaches the strong coupling regime, gr = g{tr) ^ 1, where both the quantum 
loop effects and the semiclassical back-reaction of the produced radiation become 
important, and the transition to the standard decelerated evolution (with frozen 
dilaton) is expected to occur. Some concrete exampl^ of how the inclusion of one- 
loop corrections can stop the growth of the curvaturecl havejieen presented recently 
and discussed in the context of four-cl and two-dimensionalE3 cosmology. 

At the beginning of the string phase, on the contrary, the value of the string 
coupling gs = g{ts) can be arbitrarily small (see Fig. 1); it represents one of the 
main parameters of this class of backgrounds. The other important parameter is 
the duration of the string phase, measured by the ratio |is/ir|, or by the ratio of 
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the associated scale factors, a{ts)/a{tr). If gs is aheady of order 1 at the beginning 
of the string phase, the duration of such a phase presumably shrinks to a number 
of order unity (in string units). The presence of such a phase, however, cannot be 
avoided; otherwise, to the tree-level in g^, and tozeroth order in a', the growth 
of the curvature and of the dilaton is unboundedtil. Even in that case, however, 
one can compute quantum-mechanically, via the Wheeler-De Witt equation, the 
transition probability from the initial to the final background configuration. Such 
a transition can be represented as a wave reflection in minisuperspacJll'El, and 
the probability turns out to be finite and non-vanishing even in the presence of a 
singularity that disconnects, classically, the two asymptotic regimes. 



2.1. Motivations 

There are at least two motivations, in a string theory context, that lead to introduce 
an early, pre-big bang cosmological phase in the past history of our Universe, as 
a natural complement of the present, post-big bang cosmological era. The first 
motivation is provided by the solutions of the classical string equations of motion 
embedded in inflationary cosmological backgroundsu'El. In the presence of shrinking 
event horizons, a gas of classical string develops in fact an effective negative pressure, 
so that the backgroimd evolution can be consistently self-sustained by the string 
gas itself as a sourceBM. 

The second motivation is provided by the duality symmetries of the lowest-order 
string effective action, which can be written, including the antisymmetric tensor 



9\e 



-0 



i? + (v^0)'-i(a[^i?.„])' 



fi,iy^ 1,2,..., d+l. (2.3) 



If a{t) and (/)(t) represent an exact, homogeneous and isotropic solution of this action 
(with B = and zero spatial curvature), then 

a = = (/)-2dlna (2.4) 

represent another exact solution, thanks to the scale factor duality symmetr 
This symmetry is only a particular case of a more eeneral covariance property of 
the action (2.3) under global 0{d,d) transformationsEzlIll, which mixes non-trivially 



the spatial components of the metric and of the antisymmetric tensor, 



M M 



M 



( G-i 



-G-^B 
G-BG-^B 



(2.5) 



(A £ 0{d,d) and G — gij, B — Bij). Such an 0{d,d) covarianceJs also preserved 
by the addition of source terms to the cosmological equationsE3, provided they 
represent "bulk" string matter, whose components satisfy the string equation of 
motion in the given background. In the presence of sources, and in the perfect 
fluid approximation, a scale factor duality transformation is simply associated to a 
"reflection" of the equation of stateEj, p/p — > —p/p- 
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The importance of these symmetriesy, in our cosmological context, follows from 
the fact that by operating simultaneously a duality transformation (for instance 



according to eq. (2.4)) and a time-reversal transformation on a given decelerated, 



post-big bang solution, 

d > 0, a < 0, H <0, (2.6) 

it is always possible to obtain a new accelerated solution, with growing curvature, 
of the pre-big bang type: 

d>0, d > 0, H>0. (2.7) 
In d = 3, for instance, the standard radiation-dominated solution 

a = t^/^ = const, p^p/3, t>0 (2.8) 



(which is still an exact solution for the action ( |2.3[ ) supplemented by perfect fluid 
sources) is mapped to the pre-big bang solution 

a=(-t)-i/^ 0=-31n(-i), p=-p/3, t<0 (2.9) 

(see also Refs. [18,19] for other, less trivial examples). 

This natural association of pre- and post-big bang solutions, which always come 
in pair from the lowest-order string cosmology equations, is impossible in the stan- 
dard cosmological context based on the Einstein equations: in that case there is 
in fact no field playing the role of the dilaton, and the above duality symmetries 
cannot be implemented. The challenge is, of course, to formulate a complete and 
consistent string cosmology scenario in which the two duality-related solutions are 
smoothly joined, in the context^f a background satisfying (probably only asymp- 
totically) the self-dual conditional a{t) — a^^(—t). We shall assume in the rest of the 
paper that such a smooth transition (impossible to lowest order) can be successfully 
implemented when higher-order corrections are included, and we shall discuss some 
phcnomcnological aspects of the emerging cosmological scenario. 



2.2. Kinematical aspects 

From a kinematical point of view, the epoch of pre-big bang evolution can be 
invariantly characterized as a phase of shrinking event horizonsEJ. This means 
that the scale factor a(i), for an isotropic phase of pre-big bang evolution, can 
be parametrized in cosmic time as 

a{t) = {-tf, (3<l, t<0, (2.10) 

where the condition /3 < 1 is required for the convergence of the integral defining 
the comoving size of the event horizon: 

/ — -<oo ^ /3<1. (2.11) 
This condition can be satisfied in two ways: 
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• ^ < ^ a > 0,a > 0,ij > 0, 

which corresponds to a metric describing a phaseof accelerated expansion and 
growing curvature, usuaUy caUed superinflatiorEJ (or pole inflation). 

• 0</3<l^d<0,a<0,ij<0, 

which corresponds to a metric describing accelerated contraction and, again, 
growing curvature scale. 

The first type of metric provides a representation of the pre-big bang scenario in 
the String frame (also called Brans-Dicke frame), in which test strings move along 
geodesic surfaces, the second in the more conventional Einstein frame, in which 
the gravi-dilaton action appears diagonalized in the standard, canonical way. The 
String frame was explicitly used above for presenting the effective action ( ^.l[ ) and 
the duality transformations, the Einstein frame will be used below for discussing 
the amplification of perturbations. The choice of the frame is indeed a matter of 
convenience, as both frames give consistent and physically equivalent descriptions 
of the pre-big bang scenario (see Refs. [2,3] for the explicit relation between the 
two frames and for a discussion of their physical equivalence). 

In the context of this paper, what is important is the fact that both classes 
of backgrounds, irrespective of the sign of /3, are accelerated, and in both classes 
the amplification of perturbations is more efficient, at high frequency, than in a 
standard infiationary background. This occurs for two reasons: 

• First because the curvature scale is growing and, as a consequence, the per- 
turbation spectrumEj'ES grows with frequencycilo; 

• Second because the comoying amplitude of perturbations may grow in time 
even outside the horizorocS, instead of being frozen as in the standard sce- 
nario. 

These two effects are crucial for obtaining a strong graviton background at high 
frequency, and will thus be discussed in some detail in the next section. 



3. Growth of perturbations 

For an accelerated background, the scale factor can be conveniently parametrized 
in conformal time (ry, such that dt — adrj), and in the negative time range, as 

a{v) = i-vT, V<0- (3.1) 

Positive a corresponds to accelerated contraction, negative a to accelerated expan- 
sion, a = —1 corresponds in particular to the standard de Sitter-like infiation (see 
Fig. 2). 

Consider for instance the canonical variable /i^jy representing tensor perturba- 
tions, in the Einstein frame, normalized to an initial vacuum fluctuation spectrum. 
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Figure 2: Different classes of accelerated backgrounds, parametrized in 
conformal time by the power a. 

i.e. hk ^ (^er^'''^ / aMpVk^ , for r/ — oo {Mp is the Planck mass). The Fourier 
component of each polarization mode hk satisfies the well-known equatiorE§'§l 

a 



(ahk)" +{k''- — ] ahk - 0. (3.2) 



In a background of the pre-big bang type the horizon is shrinking, so that all modes 
are "pushed out" of the horizon, for 77 —> 0_. For a mode whose wavelength is larger 
than the horizon size (|fc?7| << 1), the asymptotic solution of the above perturbation 
equation is given by 

hk^Ak+Bk\v\''^", v^Q- (3.3) 
where At and Bk are integration constants. We have in general two possibilities. 



If a < 1/2 the first term is dominant in the asymptotic solution (3.3), the 
comoving amplitude hk tends to stay constant outside the horizon, and the 
typical (dimensionless) perturbation amplitude 5h{k) (see Appendix A) can 
be expressed as usual in terms of the Hubble factor at horizon crossing: 

\5h{k)\ = k^/'^\hk\~[ — ] , horizon crossing |/c7/| 1. (3.4) 



\Mp,. 

This amplitude is constant in time. According to the horizon crossing con- 
dition, however, higher-frequency modes cross the horizon later in time, and 
then at higher value of the Hubble factor if the curvature scale is growing, as in 
our class of backgrounds. As a consequence, the amplitude of higher-frequency 
modes is enhanced with respect to lower frequency modes, in contrast with 
the usual scale-invariant (Harrison-Zcldovich) spectrum, where the amplitude 
is the same for all modes. 

If a > 1/2 the solution (^^) is dominated by the second term, and hk tends 
to grow outside the horizon. The typical perturbation amplitude becomes 
time-dependent , 

|<S,(fc,ry)|^ (^A^^ \k^\'-'\ rj^O_, (3.5) 

and grows not only with frequency, but also with time. This second effect 
is not automatic, however, in any background of the pre-big bang type, but 
requires a fast enough contraction (in the Einstein frame) of the scale factor. 
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3.1. Formal problems 

The analysis of the perturbation spectrum, in the context of the pre-big bang sce- 
nario, is complicated in general by two types of formal problems. 

The first is that, just because of this "anomalous" growth in time of the am- 
plitude, the linear approximation tends to break down for scalar perturbations, in 
the standard longitudinal gauge. This problem may be solved, at least for a class 
of dilaton-driven backgrounds, by moving to an off-diagonal gaugeS (also called 
"uniform-curvature" gaugetJ) , in which the scalar part of the perturbed metric is 
parametrized by two scalar potentials, $ and B, as follows 

ds^ = [difil + 2$) - dxf - 2diBdx^dr]] . (3.6) 

In this way the dangerous growing mode is "gauged down" , enough to restore the 
validity of the linear approximation. For other backgrounds, however, the growth 
of perturbations outside the horizon may be a true physical effect, which cannot be 
eliminated in a convenient gauge; we have to restrict ourselves to a reduced portion 
of parameter space for the linear approximation to be valid. 

A second problem is related to the normalization of the perturbations to the 
initial spectrum of the quantum fluctuations of the vacuum, in a background that 
is in general higher-dimensional and anisotropic. Such a normalization requires the 
knowledge of the so-called "normal modes" of oscillation of an anisotropic back- 
ground, i.e. of the variables that diagonalize the action perturbed to second order, 
and that satisfy canonical commutation relations. This problem has been solved, 
up to now, only for spatially flat higher-dimensional backgrounds, in which the 
translations along internal dimensions are isometrics of the full perturbed metricEa. 

In any case, even if we have to restrict ourselves to a limited class of backgrounds 
in which the linear approximation is valid, and the canonical normalization is known, 
we find that the enhanced amplification of perturbation, in the context of the pre- 
big bang scenario, is in general associated to new and interesting phenomenological 
consequences. 

3.2. Phenomenological consequences 

There are two effects, in particular, worth mentioning. The first is the amplification 
of the vacuum fluctuations of the electromagnetic field (and of the gauge fields, in 
general), due to their coupling to a dynamical dilaton, according to the effective 
interaction 

C^^F^^F^". (3.7) 

The electromagnetic field is also coupled to the metric, but in four dimensions 
such a coupling is conformally invariant, and there is no narametric amplification 
of perturbations in a conformally flat metric backgroundcJ, like that of a typical 
inflationary model. In a string cosmology context, the amplification of the electro- 
magnetic perturbations is a consequence of the dilaton running during the phase of 
pre-big bang evolution. Such an amplification may be large enough to produce the 
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"seed fields" required for the origin of the galactic magnetic ficldl23, and possibly 
also to produce tjie observed anisotropyEll of the Cosmic Microwave Background 
(CMB) radiationEI. 

A second important effect is the production of a relic graviton background, much 
stronger, at high frequency, than predicted by the standard inflationary scenarioE3. 

The present spectral energy density of such a background, in units of critical 
energy density pc, is defined as 



Pr du> 



Pcito) 



(3.8) 



where 



dpG{uj,to) 
duj 



— 2ujn(Lu) 



(2^ 



(3.9) 



and where n(a;) is the number density of produced particles with proper energy 
uj{t) = k/a{t) (the factor 2 is because of the two graviton polarization modes; the 
factor in square brackets refers to integration in momentum space). The peak value 
of for any model of cosmological evolution, can be conveniently referred to the 
present CMB energy density flj (see next section), which is a number of orderEj 
10~^-10~^ (the uncertainty depends on the present uncertainty about the value 
of pc). In the standard inflationary scenario the energy density of the graviton 
background is constrained by the high degree of isotropy of the CMB radiationEil, 
(AT/T)^ < 10-^ which imposes, at all scales lu > IQ-^^Hz, the boundSQ 



(3.10) 



In the context of the pre-big bang scenario, on the contrary, the graviton back- 
ground is in general txjoJnB', on the COBE scale ojo ~ 10~^*Hz, to be constrained 
by the CMB isotropyQ^ESm. The peak value of the spectrum is simply controlled 
by the presient value of the fundamental ratio of the string and Planck mass, which 
is expectedEH to be a number in the range 0.3-0.03: 



^o<n,{jf^\ <io- 



(3.11) 



This implies a possible signal, in the frequency range of present and near-future 
gravity wave detectors, up to nine orders of magnitude higher than predicted by the 
standard inflationary scenario. The next section is devoted to a detailed discussion 
of this possibility. 



4. The Expected Graviton Background 
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4.1. Minimal model of pre-big bang 

In order to discuss the expected graviton background we shall first consider a "min- 
imal" model of pre-big bang scenario (the same as used in Refs. [29, 32]), in which 
there are only three phases: an initial phase of dilaton-driven inflation for t < ts, a, 
high curvature string phase for tg < t < tj., and the standard radiation-dominated 
evolution for t> (see also Fig. 1). 

At low frequency, namely for modes with oj << LOg — {agris)^^ , which cross 
the horizon before the beginning of the string phase, the slope of the spectrum 
can be computed exactly from the pertur batio n equation obtained from the low- 
energy action, and it is found to be cubicBElii (modulo small corrections due to a 
logarithmic growth in time of the comoving amplitude outside the horizon, during 
the dilaton-driven phase): 



InM^ 



(4.1) 



In this range of frequencies, the spectrum can easily be computed by noting that. 



for the given model of background, the tensor perturbation equation (3.2) reduces 
to a Schrodinger-like equation in conformal timeii@: 

[e - V{ri)\ i,k = 0, (4.2) 



with an effective potential {V = a" /a in the Einstein frame) whose modulus grows 
during the dilaton phase, keeps growing in the string phase where it reaches a max- 
imum around the transition scale 77^, and rapidly approaches zero at the beginning 
of the radiation era (see Fig. 3). 




Figure 3: Parametric amplification of the perturbation mode "0^ due to 
the effective potential barrier V = a" /a ( "anti-tunnelling" effect). 

Normalizing the solution at r/ ^ —00 to an initial vacuum fluctuation spectrum, 
V'fc ~ e~^^'^ / \/k, the asymptotic solution at late times in the radiation era, for 
7] — > -foo, is in general a linear combination of modes of positive and negative 
frequency with respect to the initial vacuum state: 

V'fc = C+Vi^^ + C-Vi~\ ^ (4.3) 
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where the mixing coefficients c± parametrize the unitary Bogoliubov transformation 
connecting the set of |in) and |out) annihilation and creation operators, 



{^in, bk,bl} =^ {ipout,ak,al}, (4.4) 

ak ^ c+bk + c*_b^_^, a^_^ ^ c^bk + c*^b^_^. (4.5) 

So, even starting from the vacuum, one ends up with a final expectation number of 
gravitons, which is, in general, non-vanishin 

71, = (0|6^5|0), n/ = (0|a^a|0) = |c_|V 0. (4.6) 
The Bogoliubov coefficients c±{k) can be computed by solving the perturbation 



equation (4^) in the three different regions of Fig. 3, and by matching V'(??), 

a,t r] = Tjs and rj = r/r- The expectation number n{k) — |c_(fc)p then gives the 

spectral energy distribution ilai^^) accordinfc^to eqs. (^), ( |3.9| ). 

This process of parametric amplificationE3 can be seen as an "anti-tunnelling" 
effect for the "wave function" tpk- Indeed, if we look at Fig. 3 from the right to 
the left, and imagine to replace the time variable rj with a spacelike coordinate, we 
obtain the description of a scattering process in which ■i/'^''''' ~ e"*'^'' plays the role 
of a wave incident on the barrier from +oo, t/;*^^) ~ g+ikv jg the reflected wave, and 
ipin is the transmitted wave, 

7? ^ +00 , -0 - A,„e-*'='' + Ae/e''"' 

77^-00, ^^Atre-'^'K (4.7) 

In the semiclassical approximation, which corresponds in our case to the limit of 
a very large number of produced particles, nf >> 1, the reflection coefficient R = 
l^re/P/l^mP IS approximately 1, and the Bogoliubov coefficient |c_p becomes the 
inverse of the tunnelling coefficient T = \Atr\'^ /\Ain\'^: 

' ' \Atr? T- T- ^ ' 

Hence the name anti-tunnelling. 

At high frequencies, namely for modes with uj >> tUs, crossing the horizon (or 
"hitting" the effective potential barrier) during the string phase, the exact slope of 
the spectrum is at present unknown. In fact, even assuming that the backgXDund 
curvature stays constant, H ~ Alg (in string units) during the string phaseEjH, we 
do not know the corresponding evolution of the dilaton background. Also, and most 
important, we do not know the exact form of the perturbation equation, because 
of possible higher derivatives corrections due to higher orders in the a' expansion 
(eventually, also higher-loop contributions cannot be excluded, a priori). 

It is important to stress, however, that the latter problem can at most affect 



the amplitude, but not the slope (4J) of the "dilatonic" branch of the spectrum. 



In fact, a transverse and traceless mode of constant amplitude is always a solution 
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of a linearized and covariant perturbation equation, to all orders in the background 
curvatureHj. This preserves the spectral distribution of modes whose amplitude is 
frozen already during the dilaton-driven phase. 

Concerning the former problem, we can parametrize our ignorance of tteback- 
ground evolution with a power-like behaviour of the dilaton backgroundcElES (see 
also next section). By using the low-energy perturbation equation, we can thus pre- 
dict for the graviton spectrum a slope that is at most cubic, but in general flatter 
than at lower frequencies. Interestingly enough, this property is valid for the exact 
solution of the low energy perturbation equatioiO, to all orders in the k expansion 



(3.3), and for any given time-dependent background, not only of the power-law 
type. Since this result is a consequenceof the duality symmetry characterizing the 
low-energy evolution of perturbationsEJ, one might argue that a flatter slope at 
higher frequency is in general to be expected, provided the duality symmetry is not 
spoiled by higher derivatives and higher-loop corrections. 

What we can do, also, irrespective of a detailed knowledge of the background 
kinematics, is to provide an accurate estimate of the present value of the end 
point of the ^ectrum, namely of the maximal frequency undergoing parametric 
amplificatiorJlj. This frequency is of the same order as the frequency corresponding 
to the production of one graviton per polarization and per unit phase-space vol- 
ume (it is known that, for higher frequencies, graviton production is exponentially 
suppresscdE£lE3) . To this aim we rescale such a frequency, which we call wi(t), to 
the beginning of the radiation era, i.e. uji{t{)) = LUi{tr)ar/aQ, where by deflnition 



3M2 30 ^ ' 



p 

{Nr is the total effective number of massless degrees of freedom in thermal equilib- 
rium a.t t — tr). Also, we rescale Tr to the present CMB temperature To — 2.7K, 
by taking into account a possible production of radiation due to some reheating 
process occurring well below the string scale. The effect of such processes can be 
parametrized by the associate fraction of present thermal entropy density, Ss, as 

27r2 , 27r2 
So = — ^no(aoTo) ——nr(arTr) + sods, (4-10) 
45 45 

where uq and rir are the number of species contributing (with their own statistical 
weight) to the thermal entropy at to and tr, respectively (no = 3.91, see for instance 
Ref. [33]). 

In a string cosmology context, the amplification of tensor perturbations is always 



accompanied by a copious production of gauge bosons (according to eq. (3.7)) and 
other ultrarelativistic particles, which are expected to thermalize rapidly, unlike 
gravitons and dilatons, which interact only gravitationallycScJ. For the formulation 
of a consistent scenario in which the energy density of such particles, produced from 
the vacuum, becomes critical and start dominating the background evolution at 
t = tr, we shall assume that both Hr and wi(tr) are of the same order as the string 



12 



scale at tr, i.e. Hr ~ Ms{tr) — Ldi{tr). In that case we obtain, from eqs. (4.9) and 



(110), 



tJi(io) ^ 1-1 To 



Ms(tr) 



1/2 /;^q3\ 1/12 



— (l-'5s)V^ (4.11) 



where we have used the fact that ~ Nr, and that iV^ is expected to be a number 
of order lO^-lO^. 

On the other hand, the fact that the radiation temperature cannot exceed the 
string mass scale in a string cosmology context, Tr ^ Ms{tr), implies that the total 
energy density of the quantum fluctuations (equal to pr, at t — tr) is dominated by 
the energy density pi corresponding to the end-point frequency uji, i.e. pi = Lof/n'^. 
In fact, 

—II ^ Pi T^r <^ .4^2) 

NrLufiU) NrM^iU) 30 Mf{tr) ^ ' ^ ' ' 

In addition, the fact that pr — NrM^ is critical a.t t = tr implies that the string 

1/2 

scale is already quite close to its present value, as Mp/Ms{tr) ~ Nr ~ 10-30. 
Consequently, the peak of the graviton background must be of the same order 
as the end-point value flG{(^i,tQ) = LUi{tQ)/Tr'^ pc{tQ), with Mg fixed by a dilaton 
expectation value already in its present range. 

So, the spectral graviton distribution has to be on the average non-decreasing 
from ujs to u!i , with an upper bound that can be written in critical units asEJ 

nG(a<i,(„) ~ 2.6SI,(t„) (^-^j ' (1 

.7.m-^K.l{^)\l^)"\.-s.f", ,4.1,, 

where /iioo = i?o/(100 km sec~^Mpc^^). Note that this peak value can be inte- 
grated from uji down to the Hertz scale without contradicting the bound following 
from the standard nucleosynthesis analysis^. 



hfoo J i^GiuJ,to)d\nuj <, 0.5 x 10"^ (4.14) 

The above situation is illustrated in Fig. 4, which shows the maximum allowed 
graviton energy density for the case rir = 10'^, in the Hz to GHz range. For any 
given 5s, the uncertainty of the end point (4.11) and of the peak ( 4.13| ) is mainly 



due to the present theoretical uncertainty of the fundamental ratio Ms /Alp, which 
has been chosen, for the illustrative purpose of Fig. 4, to range from 0.1 to 0.01. 
This uncertainty is represented by the shaded boxes of Fig. 4. To the left of the end 
point the spectrum can be at most flat, so that in the absence of significant reheat- 
ing at scales much lower than tr, the expected maximal strength of the graviton 
background should lie within the dashed lines in the band labelled by Ss — 0. 

A non-zero Ss would instead imply that the radiation that becomes dominant at 
the end of the string phase is only a fraction of the thermal radiation that we observe 
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today, with a consequent dilution of the graviton background (produced at the string 
scale) with respect to the total present radiation energy density. However, we can 
see from the picture that even if 99% of the present entropy would be produced 
during the latest stage of evolution, the intensity of the relic graviton background 
would stay well above the full line labelled "de Sitter" in Fig. 4, which represents 
the most optimistic prediction of the standard inflationary scenario^, in this range 
of frequency. 

Also shown in the picture are three lines of constant sensitivity of a gravity 
wave detector, = 10~^^, 10~^^, 10~^'^Hz~^/^, given in terms of the spectral 

1 /2 

amplitude S"^' , related to the spectral energy density flc by 

^''H = r?3^GM, J^ = W27r, (4.15) 

(see Appendix B). As clearly shown in Fig. 4, a sensitivity of 10^^^ in the kHz 
range (which is a typical range for present. Earth-based detectors) would already 
be enough to enter the region where we expect a signal, thus constraining (even 
with a negative result) the parameters of our class of string cosmology modelsO. 




2.5 5 7.5 10 12.5 



Figure 4: Position of the peak and of the end point of the relic graviton 
spectrum for a typical pre-big bang scenario. 

In fact, any spectrum with a shape that reaches the end point, growing not 
faster than uj^, is in principle allowed in this context, as the two examples shown 
by the thick curves in Fig. 4. The slope has to be cubic at low enough frequencies, 
for modes crossing the horizon in the dilat on- driven phase. At higher frequencies 
the spectrum has to be on the average non-decreasing. However, it could also be 
non-monotonic, if <j> does not follow exactly, during the string phase, the constant 
behaviour of the spacetime curvature, but decreases or undergoes small oscillations 
around the string scale (see the next section). Interestingly enough,, an oscillating 
spectrum at high frequency seems to be possible even for a monotonic evolution of 
the dilaton backgrouncO. 

Finally, it may be interesting to point out that for a long enough string phase it 
seems possible, in principle, to have a spectrum that is normalized to the end point 
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value at high frequency, and which is nevertheless strong enough at the COBE scale 
to be significantly constrained by the present data on the CMB anisotropy. 



Suppose in fact that all scales inside our present horizon ( 



> 



10 



-18 



Hz) 



crossed the horizon during the high curvature string phase, and let us parametrize 
the present (unknown) distribution of tensor perturbations with a spectral index 
n, such that n = 1 corresponds to the flat, scale-invariant spectrum. For all scales 
reentering the horizon after the time of matter-radiation equilibrium, lu < tOeq ^ 
10^ ^^Hz, there is an additional effect of parametric amplification due to the roatter- 
dominatcd phase, which imposes an extra a;~^-dependence on the spectrumEjO. By 
choosing, from eqs. ( 4.11 ) and ( 1.13 ), the typical values oji ^ lO^^Hz and flaioJi) ~ 
10^^ for illustrative purpose, we then have the possible normalized distribution 



naioJuto) = 10-" — 



n-l 



UJl 



Weq < UJ < Wi 



LOq < LO < LUeq. 



(4.16) 



For the dilatonic branch of the spectrum the spectral index is n = 4, and fig 
is consequently negligible at the present horizon scale wo- For the string branch of 
the spectrum, however, n is unknown, and can be bounded from below by imposing 
the COBE normalization, which impliea^j flciuJoTto) ^ 10^^". This condition is 
perfectly compatible with the end-point normalization, and gives n = 37/29 ~ 1.27. 
The corresponding spectral behaviour in the range ujo < uj < uj^q, namely U,q ~ 
(jj"^-^^, is not flat enough to match the observed CMB anisotropy (a gravity wave 
interpretation of such an isotropy is problematic also in the standard inflationary 
contexteS). However, for uj > uJeq, the resulting, slightly growing, "blue" spectrum is 
well consistent with the bound obtained from pulsar timing dataS, Qci'jJp) ^ 10~® 
at ujp ^ lO^^Hz, as illustrated in Fig. 5. 
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Figure 5: Example of possible graviton spectrum which has the correct 
peak normalization at high frequency, and that satisfies also the COBE 
normalization at the frequency scale of our present horizon. 



Note that, by assuming the normalization at the COBE scale as input, since the 
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end-point normalization is fixed, we may predict a spectrum with flc ~ 10~^ in the 
kHz range, which seems to be accessible to the sensitivity of gravity-wave detectors 
of the second generation (see Section 4.5). 

4.2. A diagrammatic approach to the perturbation spectrum 

At this point, two remarks are in order. The first concerns the possibility of con- 
straining the graviton spectrum through the associated amplification of electromag- 
netic fluctuations, which in our context is always expected to accompany graviton 
production. The second concerns the possible qualitative modification of the spec- 
trum, in models of background more complicated than the minimal one previously 
considered. 

A complete discussion of these points would require a detailed knowledge of 
the kinematics and of the higher-order corrections during the string phase. In the 
absence of such knowledge, I will approximate the background with a finite number 
of phases, each of them characterized by a different type of power-law evolution. 
Also, I will use the lowest-order perturbation equation, working however only in the 
asymptotic regimes \kri\ << 1 and \kri\ » 1 (also called, sometimes improperly, 
outside and inside the horizon), assuming that the qualitative behaviour of the 
asymptotic solution is not spoiled by higher-order corrections (see the previous 
section for arguments supporting this assumption). 

Under the above assumptions, the graviton spectrum can be conveniently ob- 
tained through a sort of "diagrammatic" technique, in which one has only to specify 
the power (in conformal time) of the scale factor of the various phases, and the time 
of horizon crossing of the frequency band considered. 

This technique is based on the fact that the exact solution of the perturbation 



equation (4.2), for a generic power-law evolution of the Einstein frame scale factor, 
a ^ I77I", can be written in terms of the first-kind [h'^F') and second-kind {hI'^^) 
Hankel functions, of index 1/ = \a — l/2\, as follows: 

a = \rjr ^ = \flk\'^' [A+(fc)i/(2)(|fc,7|) + A_(fc)i/W(|fc,7|)] , = |a - 1/2| 

(4.17) 

{A± are integration constants). When matching the solution from a phase with 
power a2 to a phase with power ai, at the time rj ^ rji, 

i:u = i^l{A\,v2), v<m; Vfe = V^fc(^i,i^i), v>m; (4.i8) 

we may thus easily distinguish the two asymptotic regimes |fc77i| << 1 and |A;?7i| >> 
1, corresponding respectively to the comoving frequency of a mode that hits and 



one that does not hit the potential barrier of eq. (4.2), whose height at 771 is 
\Vi\^^^ ^M''^- In the first case, by using the small argument limit of the Hankel 
functional, the continuity of ip and ip' gives 



{Al + Al) = 61 {Al + A^_) x',^-"- + 62 {Al - Al) X- 
\a\ - Al) = 63 {Al + A^_) x\-+''' + 64 {A\ - A^_) x^'''+''\ (4.19) 



16 



where xi = \kr]i\ and 61,62,^37^4 are complex numbers with modulus of order 1 
(for v — 0, x'^ has to be replaced by In a;). In the second case, \kri\ >> 1, the 
perturbation is approximately unaffected by the background transition, and the 
large argument limit of the Hankel functions gives 



- 42 



(4.20) 



Suppose now to approximate the background evolution with n + 1 different 
phases, with powers ai, Q!2, Q;„+i, and solutions ^/^i, -02, ipn+i of the perturba- 
tion equations, with the corresponding Bessel index vi, 1^2, i^n+i- The transitions 
occur, respectively, at the times 77„ < r]n-i < ... < 772 < Vij a'^d the height of the 
effective potential at the transition time rji is \Vi\^^'^ ^ \Vi\~^ = (see Fig. 6). 
Normalizing the initial solution to a vacuum fluctuation spectrum. 



= 1, A'!+' = 



(4.21) 



the Bogoliubov coefficient determining the expectation number of particles, ap- 



pearing in the final spectral distribution (see eq.(3.9)), is then given by c_(/c) 
Al{k). 




Figure 6: A background evolution parameterized by n + 1 phases is in gen- 
eral associated to a spectrum with n different branches. The corresponding 
Bogoliubov coefficients are given in eq. (4.22). 

In the computation of A\. we can easily identify n different branches of the 
spectrum, (1), (2), (n) (see Fig. 6), corresponding to n asymptotic frequency 
bands, which only differ for the power characterizing the scale factor at the time 
of horizon crossing. By applying, step by step, the matching conditions (4.19) 
and ( 4.2OD , one can easily compute the Bogoliubov coefficients ci, C2, c„, for the 
frequency bands that are affected, respectively, by 1, 2, n background transitions. 
Neglecting numerical coefficients of the order of unity, we have 



|ci| 

\C2\ 
|C3| 



k2 < k < ki 



X. 



-V3 
> 

X2_ 

X3 



k^ < k < k2 



ki <k <kz 
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X2 

X3 



k<kn (4.22) 



where 



\kri^ 



e,; = siffn In 



1,2, 



(4.23) 



The Si coefficients have been inserted to take into account the possibiUty of a non- 
monotonic potential (unUke that of Fig. 6), since for Xi < Xi-i the ratio Xi-i/xi 
enters the Bogohubov coefficients with the opposite power. Note also that a phase 
with vanishing effective potential, like radiation-dominated evolution, — 0, has 
a Bessel index i/i = 1/2. 

As a simple application of the general prescription ( 4.22| ), let us write down the 
Bogoliubov coefficients for a background characterized by four different phases and 
by a non-monotonic effective potential, which has a first break at 77s , a peak at 771 , 
and which becomes radiation-dominated at r]r, with Xg > Xr > xi (see Fig. 7). 
The Bessel indices are, respectively, vqi and Vr — 1/2. The graviton spectrum 

is characterized by three branches, differing by the number of background transi- 
tions by which a given mode is affected. The corresponding Bogoliubov coefficients 
can be immediately deduced from the diagram of Fig. 7, by applying the general 



prescription ( tl.22| ) 



|ci| 

|C2| 
|C3| 



-1/2 



-1/2 



Xi 



Xl 



kg k kf 



'\ k <i kg 



(4.24) 



A similar type of background will be discussed in Section 4.4. 




Figure 7: Example of background with non-monotonic potential. 



As discussed in the previous section, the square of the Bogoliubov coefficient 
determines the expectation number of the produced gravitons and the spectral 



distribution ^q, according to eqs. (3.8) and (3.9). In critical units 



ui dp 'Ulu^ 



(4.25) 



18 



By expressing all ratios in terms of proper frequencies, Xi/xj = \krii\l\krij\ = 
kj/ki = Uj/ijJi, and referring the spectrum to the proper frequency of the final 
transition, uii{t) = ki/a{t) ^ Hiai/a, we easily obtain, from eqs. (4.22) and ( 4.25| ), 



the spectral distribution Q(uj) corresponding to the n branches of Fig. 6: 

Tj \ 2 / TT \ 2 ^ . , X 4-21^1-21/3 / \ -2f2Vi\2v2, 



3 



Tj \ 2 / Tj \ 2 . , X 4-21^1-21/4 / X -2e2i'2 / \ -2e3i'3 / \ -2vi 



Mp J \ H ) \ a J \ljJi J J \^2 J 

LO4, < UJ < UJj, 



Tj \ 2 / Tj \ 2 ^ A / \ 4— 21^1- 2i/„ + i / \ — 2e2i'2 / \ —2^31/3 

Mp) \hJ \a) [loJ [uJ \lj2 



' UJl ^ 

LUr. 



UJ < LOn- (4.26) 



It is important to point out that the slope of the spectrum, for a given branch 
r^i, is sensitive to the particular time evolution of the background only when hitting 
and when leaving the barrier: in fact, VLiiuj) ^ ^4-21^1-21/^+1 jNjote also that, if we 
wish to refer the spectrum to a frequency ujk other than lji (for instance to the 
peak frequency, which may be different from uji if the potential is non-monotonic) , 
we have to simply multiply the i-th branch of the spectrum by {uk / ■ 



Let us now apply the general prescription (4.26) to a typical pre-big bang sce- 
nario, in which the background evolves from an initial dilaton-driven phase with 
Vn+i — 0. Eventually, the background becomes radiation-dominated, so that 
vi — 1/2, and the ratio 

gives the radiation energy density, in critical units, rescaled to a time t > ti. The 
various phases from rjn to 771 correspond to possible types of background during the 
string era, and the ratio 

51 = Hi/Mp (4.28) 

is taken to be of the same order as the present value of the fundamental ratio between 
string and Planck mass, gi ~ Mg/Mp ^ 0.3 - 0.03. Let us assume, also, that the 
evolution of the metric background, in the Einstein frame, is always accelerated 
from rjn to 771, so that the potential 1^^(77) | is non-decreasing, loi is also the maximal 
amplified frequency, and ei = 1 for all the transitions. The spectral distribution 



(4.26) for the z-th band of frequency, crossing the horizon during the string phase 
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(i < n), and affected by i background transitions, can thus be written 



)3 — 2i/i + i / \ — 2i/2 / \ —21^3 
\UJiJ Vt^2/ 



-2ui / \ -2i/i+i 



LUi+1 <U! <UJi. (4.29) 



As anticipated in the previous section, since J^i+i > 0, this spectrum is charac- 
terized by a maximal slope ~ (which is the same slope as that of the frequency 
band crossing the horizon in the dilaton-driven phase, modulo log corrections). Also, 
since ujn < uJn-i < ■•• < 1^2 < ^1, the peak of the spectrum, gfflr, is reached at 
(jj = wi, so that the spectral distribution has to be on the average non-decreasing 
from Wn to LUi, i.e. f2i < fii. However, the spectrum could be non-monotonic during 
the string phase (in spite of the monotonicity of the potential) . Consider in fact the 
ratio 

ri, (cij,) / cj,- \ ' , , 

o , = [^) ■ (4-30) 

"j-i(t^j-i) V^»-i/ 

As LUi < LUi-i, the spectrum may be decreasing in the frequency band a;; < a; < coi-i, 
provided 3 < 2z^j = |2aj — 1|. If we assume a constant curvature evolution in the 
String frame, the decreasing slope may be due to a phase of decreasing dilaton. 

Suppose in fact that, during the string phase, there is a period in which the 
scale factor and the dilaton evolve in time (in the String frame) as 

fli = (-^)"\ 4>t = 7lnai, 7 < (4.31) 

(corresponding to Hi =const and decreasing dilaton, <j)i = •^Hi < 0). Tranforming 
to the Einstein framcSi we have 

a, = a,e-^'/2 ^ (_,^)-i+7/2 ^ ^ ^ _^ \n{~7j) (4.32) 

(conformal time is the same in the two frames). The slope of the corresponding 
frequency band is then decreasing, since 

3 - 2i/i = 3 - \2a, - 1| = 3 + 2 Q - 1) - 1 = 7 < 0. (4.33) 



4.3. Constraints from photon production 

In the context of the pre-big bang scenario, the time variation of the background 
fields that amplifies the perturbations of th e rne tric tensor also amplifies the quan- 
tum fluctuations of the electromagnetic fieldLiJH. The electromagnetic perturbation 



equation has the same form as eq. (4.2), with the only difference that the effective 



potential is generated by a time-dependent dilaton field. 
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For a cosmological evolution that can be approximated by various phases, charac- 
terized by a logarithmic variation of the dilaton, 0^ — -~f3i In \ri\, the electromagnetic 
perturbation spectrum can thus be computed with the diagrammatic technique il- 
lustrated in the previous section. The result is a spectrum with the same general 
structure as that of the graviton spectrum, but with different (in general) values of 
the Bessel indices Vi. The phenomenological bounds imposed on electromagnetic 
perturbations constrain the parameters of the cosmological background and then, 
indirectly, also the unknown slope of the graviton spectrum during the string phase. 

In order to discuss this effect we shall work in the context of the minimal model 
of Section 4.1, characterized by three phases (dilaton —^ string — > radiation), and 
we shall parametrize the unknown background evolution during the string phase (in 
the Einstein frame) with two powers a and (3, 

a~|r;r, 0~-2/31n|r;|, rj,<rj<r,r. (4.35) 

For the dilaton-driven phase {rj < r]s) and for the radiation-dominated phase (77 > 
rjr) the background evolution is knownEi, and is given respectively by 

' (/)^-^/31n|7/|, 



\V\ 



const, 



V < Vs, 
V> Vr 



(4.36) 



The effective potential |V^(77)| grows monotonically for rj < r]r and goes rapidly to 
zero for rj > -q^, both for gravitons and photons. The spectra have two branches, 
which can easily be deduced from the diagram of Fig. 8. 










V 


gravitons 





la-1 /2I 


1/2 


photons 


(V3-l)/2 


ip-1/21 


1/2 



Figure 8: Diagram and Bessel indices for the graviton and photon spectrum 
in a minimal, two-parameter model of background. 



The Bessel indices Ui are fixed by the time evolution of the background, according 

The two parameters a and (3 are not independent, 
(as seems natural) that, during the string phase, the 

A^^- This implies, in the 



to eqs. (4.35) and ( 



however, if we requiraSi 

curvature remains controlled by the string scale M. 
Einstein framalj, 









Hi 







1+a 



9s_ 

9t 



(4.37) 
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from which 

Defining the convenient parameters 



log(gs/gr 

log |77s/r?r 



(4.38) 



X = login hs/jyr-l = logio^s, 



y = iogio(ffs/gr) = logi 



(4.39) 



related respectively to the duration of the string phase, Zs — {Tis/rirl, and to the 
corresponding shift of the dilaton coupling, gs/gr, we obtain 



13y o ^ ly 
2^2^ ^"2~2^x' uZ 



10^. 



(4.40) 



By applying the rules of the previous section we can now parametrize the spectra 
in terms of x and y. For the two branches of the graviton spectrum we obtain, from 
Fig. 8, 



gl nr{t) 
gl ^r{t) 



3-\3+2y/x\ 



< — < 1 



< 10- 



(4.41) 



(we have chosen to refer all frequencies to the maximal amplified one, uji). With 
the same rules we obtain the two branches of the electromagnetic spectrum, 



gi ^r{t) 
gl Qrit) ( 



3~\l+2y/x\ 



10-^ < — < 1 



'^Qx{l-V3) + \x+2y\ 



< 10" 



(4.42) 



The back reaction of the electromagnetic perturbations on the geometry turns 
out to be negligible, consistently with the use of a homogeneous and isotropic back- 
ground, provided we impose on the two-dimensional parameter space of our model 
the conditionEj y> — 2x. Also, the amplified perturbations are large enough to 
act as "seeds" for the galactic magnetic field, providedEj J7g(10~^'*Hz) > 10~^'*f2r- 
These two conditions define an allowed region in the {x, y} plane, and constrain the 
possible slope of the string branch of the graviton spectrum. 

The first condition, by itself, does not provide significant constraints. When 
combined with the second, however, we obtain the constraint 



2 < 3 



<4, 



(4.43) 



which for the graviton spectrum ( 4.41 ) defines the allowed region shown in Fig. 9 
(where I have used gi = O.l and uji = lO^^Hz). The bold dashed line in Fig. 9 



22 



represents the prediction for the graviton spectrum for the case that the amphfied 
electromagnetic pertm'bations are strong enough, on a large scale, to contribute in 
a significant way to the observed CMB anisotropyO. This possibility would require 
indeed a flat enough string branch of the electromagnetic spectrum, flem ~ (j^', 
< e < 1, and could be implemented consistently with other phenomenological 
constraints only for a background in which the comoving amplitude of perturbations 
grows in time also outside the horizonS. In terms of our parameters this gives the 
conditions y > —x/2 and y/x = 1 + e and implies, for the string branch of the 
spectrum, a slope fto ^ i^^^'. 




2.5 5 7.5 10 12.5 

log (0)///c) 

Figure 9: The shaded area shows the allowed region for the graviton 
spectrum, in a model in which the electromagnetic fluctuations are amplified 
enough to act as "seeds" for the galactic magnetic field. 

It is important to note that the allowed region of Fig. 9 corresponds to a very 
small energy density of the relic graviton background in the kHz range, flc ^ 10~^^; 
this is certainly outside the sensitivity of gravity wave detectors now existing or 
planned (see Section 4.5). A possible future detection of a relic graviton background 
in the kHz range could thus be used to exclude, in our cosmological scenario, a 
primordial origin of the seed fields and a possible electromagnetic origin of the 
CMB anisotropy (at least in the context of a minimal model, and in the range of 
validity of the low-energy perturbation equation) . Conversely, if we believe that the 
"dilatonic" amplification of the electromagnetic fluctuations is efficient enough to 
be responsible for the above effects, we should expect a graviton background outside 
the detector sensitivities, in the kHz range. This may provide strong motivations 
for developing detectors with improved sensitivities in the very high frequency range 
('^ GHz), near the end point of the spectrum, where the background is expected 
to reach the peak intensity. At lower frequencies, the absence of a signal at the 
sensitivity level of 10^® (or better) in fla would nevertheless be important, since 
it would support, indirectly, a primordial dilatonic origin of the cosmic magnetic 
flelds. 
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4.4. Non-minimal models 



In the minimal model of pre-big bang assumed in the previous Sections, the end 
of the high curvature string phase was nearly coincident with the beginning of 
the radiation-dominated, constant dilaton phase. It is not impossible, however, to 
imagine more complex models of backgrounds, in which the dilaton is still growing 
while the curvature starts decreasing and where the radiation era with frozen dilaton 
starts at much later times, when the curvature scale is much below the string scale. 
An example of such a background is illustrated in Fig. 10 (the minimal model 
corresponds to the particular case rjr and gi ^ 1). 




Figure 10: Non-minimal model of pre-big bang background. 

It is conceivable, in fact, that the combined action of loops and a' corrections 
may stop the growth of the curvature and may induce a change of branch of the 
solution, while the string coupling remains growingt2l. Only later could the dilaton 
be attracted to a fixed point of the non-perturbative potential. In that context, 
however, the amplified vacuum fluctuations are not expected to become naturally 
dominant, and the radiation should arise from other sources (for instance, coherent 
dilaton oscillations). 

If we accept a model like that of Fig. 10, the non-vanishing part of the effec- 
tive potential appearing in the perturbation equation ( |4.2| ) is no longer monotonic. 
Consequently, high-frequency modes may reenter the horizon (or leave the potential 
barrier) before the beginning of the radiation era, i.e. for rji < rj < rjr- This modifies 
the slope of the spectrum in the high frequency sector. For the background of Fig. 
10, in particular, the spectrum has three branches, whose slope depends on the rela- 
tive duration of the string phase and of the new phase inserted before the radiation 
era. If |?y-r/7yi| < k/s/T/il, i-e. tOr > Ws, the spectrum corresponds to the diagram of 
Fig. 7. If uJr < Ws the three branches of the spectrum are instead obtained from 
the diagram of Fig. 11, where I have supposed that the decelerated phase from rji 
to rjr > is again a dilaton-driven solution of the lowest order effective action, such 
that 

By referring the spectrum to the maximal amplified frequency wi , and applying the 
rules of Sect. 4.2, we obtain from Fig. 11 

/ X 2/V3 / LU \ ^'"^^^ 
^1 ~ 5l ~ ) ^r{t) [ I , < W < Wi 

\9\) 
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(neglecting logarithmic corrections, and using the relation uji/uJr = {Hi/ H^Y^^ ^ 
valid for the background (4.44)). 




Figure 11: The three branches of the graviton spectrum for the background 
of Fig. 10, and for the case ujr < oJs- 

For the case lOs < the spectrum is similarly obtained from the diagram of 
Fig. 7. This spectrum differs from that of the minimal model in three important 
aspects: 



The end point value of the spectrum, rii(a;i), is shifted to arbitrarily low 

values ^ ^r9i << fi^, since gi « gr ^ 1- The maximal amplified 

frequency is correspondingly shifted. 



Wi(to) 



Ijlrp ( Hi 



1/6 



(To is the present CMB temperature). 



1/2 / gr 
5i — 
\9i 



1/2V3 



x10"Hz << 10"Hz 



(4.46) 



• The maximal allowed slope is steeper, ft ^ ut^ instead of fl 



• The spectrum may be truly non-monotonic, with a peak value at higher 
than the end point value, Q{uJs) > ^^('^i), provided 4 < 2i^s. 

So, in spite of the fact that the end point is shifted to lower values, the relic 
background corresponding to a non-minimal model could be detected even more 
easily than in the minimal case, because of a possible peak at lower frequencies, 
more accessible to present detectors. It is true that the upper limit, fig ^ lO^^flr, 
cannot be obtained naturally in a non-minimal scenario. However, the analysis of 
photon production in this scenario shows that such a maximal peak signal would 
not be excluded by the bounds on the electromagnetic spectrum, provided ujr < ujs, 
i.e. provided the post-big bang dilaton-driven phase is long enough with respect 
to the string phase. It is thus important to point out that, in the context of a 
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non-minimal model, the possibility is not excluded to see a graviton background 
with a peak flc ~ 10~^ at an arbitrarily low frequency uis (> 10~®Hz, however, 
because of the pulsar boundllS), without implying that the spectrum is flat from oji 
to ujs , thus evading the otherwise constraining bound on the total integrated energy 



following from nucleosynthesis (see eq. (4.14)). 
4.5. Experimental sensitivities 

It may be interesting, at this point, to compare the relic graviton background ex- 
pected in the context of the pre-big bang scenario with the experimental sensitivity 
of gravity wave detectors. A precise and complete discussion of the present experi- 
mental possibilities of detecting a stochastic gravity wave background is, of course, 
outside the scope of this paper (see for instance the reviews of Refs. [52,53]). Here 
I will simply report, at the level of an order of magnitude estimate, the sensitivities 
accessible to some detectors that are already existing and operating, and some other 
that are now under construction and will be operating in the near future. 

The "theory versus experiments" situation is qualitatively sketched in Fig. 12, 
where the bold upper border line defines the maximal allowed region for the relic 
graviton spectrum in a string cosmology context, obtained from Fig. 4; the bold 
lower line gives the corresponding border in the standard inflationary context. 
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Figure 12: Present and future experimental sensitivities, compared with 
the allowed region for the graviton spectrum. 

Available data, at present, come from the cryogenic, resonant-mass detector 
EXPLORER, operating at CERN, and provide the upper boundES fie < 500 at a 
frequency v = 923 Hz, which is too high to be significant for a relic cosmological 
spectrum. However, by cross-correlating the data obtained from two bar detectors 
with the same characteristics as those already existing (EXPLORER, NAUTILUS^ 
AURIGA), it will be possible to reach, in very few years, the level of sensitivityEj 
Q.a ~ 8 X 10~^ around the kHz range. This is still outside, but not so far off, the 
border of the interesting region, as shown in Fig. 12. Even better sensitivities, in 
the same frequency range, Caj|Lbe reached through the cross-correlation of a bar and 
an interferometric detectoiEjO. And in fact the first generation of interferometric 
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detectors, LIGOEl and VIRGOEl, when operating, will soon reach a sensitivit; 




~ 10~^ centred around the 100 Hz frequency band. The possible improvement 
in the sensitivity of microwave cavities available at present, operating as gravity 
wave detectors, is also under active studyEEl. 

Also shown in Fig. 12 are thesensitivities expected from the cross-correlation of 
two resonant spherical detectorg^cH, fie ~ 10~^ ^ kHz, and the planned sen- 

sitivity of the advanced interferometric detectora^O, ~ 10~^" sX v ^ lO^kHz. 
Both are well inside the allowed region, and are thus able to constrain significantly, 
in case of no detection, the parameters of our class of string cosmology models. 
To the best of my knowledge, in this range of frequency there are only two other 
possible primordial backgrounds, competing in intensity with the relics of a pre-big 
bang phase. The first is the background (with Jisry flat spectrum) generated by 
cosmic stringsEj or by other topological defectg£3, characterized by ^ 10~®. 
The second is a background sharply peaked around 10^ — lO'^Hz, generated by first 
order phase transitionsBcJ in the context of extended inflation models, with peak 
value flc ~ 10~®-10^^. Both these two possibilities are illustrated by the dashed 
curves of Fig. 12. 

Finally, it should be recalled that for non-minimal models of the pre-big bang 
era, the allowed string cosmology region of Fig. 12 can be extended to the left, in 
principle without further suppression down to frequencies of 10~^Hz. The space 
interferometer LISaH, operating around the mHz range, will thus provide signifi- 
cant bounds on non-minimal models and, at the maximal expected sensitivity level 
of ric ~ 10"^*^, also on minimal models whose spectrum decreases enough to evade 
the nucleosynthesis bound. 



5. Conclusion 

The cosmological scenario in which I have discussed the production of a relic gravi- 
ton background was based on two main assumptions: 

• the initial state of the Universe is the string perturbative vacuum; 

• the pre-big bang phase evolves smoothly into a final decelerated state, domi- 
nated by radiation and with constant dilaton. 

While the first assumption represents an arbitrary choice of the initial conditions, 
the second one reflects our present ignorance about string cosmology in the high- 
curvature and non-perturbative regime, where the transition from the pre- to the 
post-big bang epoch is expected to occur. Our present lack of knowledge about 
the kinematics of such a transition forbids, in particular, a precise prediction of the 
detailed shape of the graviton spectrum. 

If we accept the above two assumptions, however, we can already conclude that 
from a phenomenological point of view the pre-big bang scenario is significantly 
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different from the standard inflationary scenario, and that these differences lead to 
effects that can be tested (at least in principle) even more easily than the corre- 
sponding effects of the standard scenario. 

In particular, there is no compelling reason in this context to exclude a relic 
graviton background as high as 

ngicu) ^ (5.1) 

in the whole range from 1 Hz to 100 GHz. Thus, experimental measurements 
performed at this level of sensitivity would be true tests of Planck-scale physics. 
The detection of such a cosmic graviton background would represent an event jif 
an importance comparable to the detection of the cosmic black-body radiationL3. 
Even more important than this, in some sense, because the CMB photons are relic 
radiation from the hot, "big bang" phase that occurred in the past history of our 
Universe. Those gravitons would, instead, be relics of a much earlier "pre-big bang" 
epoch. 
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6. Appendix A 

The dimensionless amplitude \Sfi\ 

Consider tensor perturbations, in a conformally flat metric background, and in the 
transverse traceless gauge, 

9ij.v + 5g^u, Sg^,^ ^ a'^{i])hf,^, ft.^ = = V^/iJ;;. (A.l) 

The gravitational action, perturbed up to second order in each of the two physical 
polarization modes h{x), 

^ J d^xdv a' [h'' ~ (V,/i)2] , (A.2) 

deflnes the canonical variableiililiij^i u, which diagonalizes the perturbed action: 

u = ahMp, (A. 3) 

and whose Fourier components Uk are required to satisfy canonical commutation 
relations: 

[uk,Uk'] = iSkk'- (A. 4) 
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This fixes the dimensionality of the mode /i^, [hk] = [uk/Mp] = [k "^/^J, and gives 
the correct normahzation for the Fourier transform in a finite volume V, 



(A.5) 



In the continuum limit 



h{x, t) 



V 



(fk h{k,t)e'''-- 



Consider now the two-point correlation function 

^(r) = {h{x)h{x + r)), 



(A.6) 



(A.7) 



where the brackets denote the quantum expectation value on a given state, if we 
work in the second-quantization formalism in which the perturbation field is ex- 
panded into annihilation and creation operators. We recall, however, that the per- 
turbation background is a stochastic background as a consequence of its quantum 
origin, since it is obtained by amplifying the quantum fluctuations of the vacuumS, 
for which 

{alak') = \f\H\k-k'), (A.8) 

where / is an appropriate normalization coefficient. This means that, if we perform 
the classical limit by replacing quantum expectation values with ensemble averages, 
we are led to the stochastic condition 



{h{k)h{~k')) ^ \h{k)\ 



: (27r) 
V 



-S^k-k'). 



For a stochastic background the correlation function (A.7) thus becomes 

dk sin kr 



where we have defined 



= t"'lh(k)l. 



k kr 



(A.9) 



(A.IO) 



(A.ll) 



Note that we have used the reality condition, h*{k) = h{—k), and the so-called 
isotropy condition, i.e. the assumption that |/i(A;)| is a function only of /c = \k\. The 
brackets of eq. (A/7) can also be formally defined as a macroscopic average over 
space: 

^(r) j Sx h{x)h{x + f); (A. 12) 

the result for ^(r) is exactly the same as in eq. ( A.lOj ). By evaluating the correlation 
function for a distance r = k^^ we finally obtain from (A.IC) 



r—k 



Mk)\ 



(A.13) 
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The variable |(5;i(fc)| can thus be interpreted as the typical, dimensionless amplitude 
of tensor perturbations over a comoving length scale r = k~^. 

The spectral density of perturbations, flQ{uj), can be conveniently expressed in 
terms of |(5^(fc)| by recalling that the average energy density, summing over polar- 
ization, is defined byu 



dEg M„,.-,> V 



Pa = 



a^d^x Sir ' ' flSgTr (27r)6 

(A.14) 

where lo — \k\/a. By using the stochastic condition ( |A.9| ), in the hypothesis 
|<5/.(fc)| = \5h{-k)\, 



MWu'. (A.15) 



a^d^xdlnk (2TTa)^ 

The spectral distribution of the proper energy density, in critical units of pc 
SMpH"^ /8n, can thus be expressed as 

d{Pg/Pc) _ dEg _ o_/, , ^^ _ 1 



nG{uo,t)^—,\5,,{u:)\'[-\ . (A.16) 



din a; pcO^d^xdlnuj ' Stt^ \H 



7. Appendix B 

The spectral amplitude Sh 

Consider the Fourier transform of the polarized gravity wave amplitude h, 

h{iy) = [ dt h{t)e-^''"'* , v^ujl-K. (B.l) 



The average proper energy density, summing over polarizations, can be written 

_ dEg _ ilfp //,2\ _ 
~ a^d^x " Svr " 
IvP I" 

= -47r2^ / dj.di/Vi/'(/i(zy)/z(i/'))e2'^'(''+'')*, (B.2) 
Stt J 

where the brackets denote time or ensemble average. By defining the spectral 
amplitude S'h(j/), such thatll 

{h{iy)h*(-i^')) = ^5{i^ + i^')Sh{i^), (B.3) 
the energy distribution Qg, in critical units, can be expressed as 

(I have assumed Sh{i^) = Sh{—i^))- 
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A particular value of Sh{v)^ representing the experimental sensitivity at a given 
frequency corresponds to a present graviton energy densityO 



nG{vM)hioo - 1,25 X Wv^Shiv) Hz 



(B.5) 



Reaching the level of expected _maximal signal, ric/i^oo ^ 10 ^ (see Sect. 4. 1), 
would thus require a sensitivityKI 



Sl!^{v) < 3 X 10 



-26 l^kHz^ 



3/2 



Hz 



-1/2 



(B.6) 



Comparing eqs. (B.4) and (A. 16), we can finally obtain a useful relation between 
the spectral amplitude Sh and the dimensionless amplitude 5h^ 



(s) 



TTUJ 



(B.7) 
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